The aim of this paper is to construct a rotational product scheme in the product of Banach spaces with rotational schemes. Besides we give an equivalent definition of the generalized Kolmogorov diameters suggested by Aksoy and Nakamura in 1986, and give the generalized Kolmogorov diameters of the product ( i∈N D i ) of bounded subsets D i in the product of Banach spaces having schemes in terms of the generalized diameters of D i .
Introduction.
In [3] , Pietsch has introduced the concept of an approximation scheme on Banach spaces. In [1] , Aksoy has generalized this notion and used it to generalize the concept of Kolmogorov diameters in Banach spaces and in [2] in pBanach spaces.
In this paper, we suggest a method for constructing a product scheme in the product of Banach spaces with schemes. Besides we give an equivalent definition of the generalized Kolmogorov diameters suggested by Aksoy and Nakamura in [2] and give the generalized Kolmogorov diameters of the product ( i∈N D i ) of bounded subsets D i in the product of Banach spaces having schemes in terms of the generalized diameters of D i .
In terms of the equivalent definition of the generalized Kolmogorov diameters, we study analogous result for a sequence of generalized Kolmogorov diameters of bounded linear operators.
Notations and definitions.
We denote by L(E, X) and Ᏺ n (E, X) the normed spaces of bounded and at most n-dimensional linear operators from the normed space E into the normed space X.
For a sequence {X i } i∈N of Banach spaces, and for any k ∈ N, we denote by ∞ (X i ) and k p (X i ) the Banach spaces
equipped with the norms
respectively.
For a natural number n ∈ N, we denote by β n a function from the set N of natural numbers into the set N * = N ∪{0} for which β n (i) = n i , it is true that β n (i) = 0 for all i ∈ N except a finite number, we write β n (i) = n i . By d(x, F ) = inf y∈F x − y we denote the distance between an element x ∈ X and a subset F of a Banach space X.
For the families Ᏹ i of subsets of the Banach spaces X i , we denote by i∈N Ᏹ i the product family { i∈N A i : A i ∈ Ᏹ i } in the product space i∈N X i . Definition 2.1 (rotational operators). An operator from a normed space X into itself is called a rotational operator if and only if it can be written as = R 1 R 2 ···R k with the following conditions:
(
where I is the identity operator from X into itself.
Remark 2.2. In [4] , Pietsch has introduced the notion of approximation scheme (satisfying conditions (S 1 ), (S 2 ), and (S 3 ) in Definition 2.3). Here we give a slight modification of that definition and call it a rotational approximation scheme. Definition 2.3 (rotational approximation scheme). Let X be a normed space over a field of scalars K, for each n ∈ N, let Q n = Q n (X) be a family of subsets of X satisfying the following conditions:
(S 4 ) If A ∈ Q n (X) and is a rotational operator, then A ∈ Q n (X). Then Q(X) = {Q n (X)} n∈N * is called a rotational approximation scheme (invariant under rotation).
Example 2.4. In any Banach space X, the scheme Ᏺ(X) = (Ᏺ n (X)) n∈N consisting of all finite-dimensional subspaces Ᏺ n (X), where
is a rotational approximation scheme in X.
Example 2.5. The class Ꮽ = {Ꮽ n (L(X))} n∈N of all finite-dimensional operators on a Banach space forms a rotational approximation scheme on the Banach space L(X) of all bounded linear operators on X, where
We only remark that an operator T ∈ Ꮽ n (L(X)) is finite dimensional (of finite rank) if and only if T has as a representation
Example 2.6. The class of all finite subsets τ = [τ n (X)] n∈N in any Banach space X forms a rotational approximation scheme, where
For A ∈ τ n (X) and B ∈ τ m (X), we note that
Remark 2.7. In [4] , Pietsch has given a generalized definition for Kolmogorov diameters as follows.
Definition 2.8. Let X be a Banach space with closed unit ball U ⊂ X and equipped with an approximation scheme Q(X).
In fact, in case Q n (X) is the class of all finite-dimensional subspaces Ᏺ n (X), relation (2.8) reduces to Kolmogorov diameters mentioned in [3] .
Remark 2.9. In [1] , Aksoy has given a slight modification for Definition 2.8 namely, the following definition. Definition 2.10. Let X be a Banach space with closed unit ball U ⊂ X and equipped with an approximation scheme Q(X). The nth generalized diameter ν n (D) of a bounded subset D of X is defined by
for some Banach space E and some A ∈ Q n (X) .
(2.9)
From now on, we are going to deal with the following notations to simplify our definitions and proofs: let X be a Banach space with a rotational approximation scheme Q = (Q n (X)) n∈N * , and let U E be the unit ball of some Banach space E. We write
where χ is the category of all Banach spaces.
Remark 2.11. Using these notations we can write the space of all finite-dimensional operators from E to X as ᏸ(Ᏺ n (X), E, X), and ᏸ(Ᏺ n (X)) as the collection of all finitedimensional operators with range in X, that is, ᏸ(Ᏺ n (X), E, X) = Ᏺ n (X, E). Definition 2.10 can be written in terms of the previous notations as follows:
(2.11)
In the following lemma, we give an equivalent definition for ν n (D) as follows. 
. From the definition of ν n (D) and for every > 0, there exists λ > 0 such that
(2.14)
Then every element x ∈ D can be written as
From the definition of σ n (D) and for any positive number > 0 and any T ∈ ᏸ(Q n (X)), we get
Then for x ∈ D there exists an element T u ∈ T U E such that
Since every element x ∈ D can be written as
From (2.17) and (2.21), we get the proof.
Definition 2.13. For an operator S ∈ L(E, X), the sequence of Kolmogorov numbers {ζ n (S)} n∈N is defined by
(2.22) 2.1. Rotational product scheme. We suggest a construction of a rotational approximation scheme in the product of Banach spaces with rotational schemes, using the following definition of a base of a rotational approximation scheme. 
Base of a rotational approximation
I π/4 =      1 √ 2 − 1 √ 2 1 √ 2 1 √ 2      =     cos π 4 − sin π 4 sin π 4 cos π 4     . (2.23)
So we conclude from this example that, in general, to construct an approximation scheme in the product X × Y of two Banach spaces with schemes (X, Q(X)) and (Y , Q(Y )), it is not sufficient to take for Q n (X × Y ) the set
In fact, we will also consider all their rotations. This motivated the following definition. Definition 2.15 (rotational product scheme). Let (X i ) i∈N be a sequence of Banach spaces each of them equipped with a rotational approximation schemes Q(X i ) = {Q n (X i )} n∈N * for every i ∈ N. Now to construct the product scheme Q(X) in the product space X i we first choose Q o n (X) as follows:
We take (Q o n (X)) n∈N to be a basis for a rotational scheme namely, Q(X) = (Q n (X)) n∈N where
and (X) is the space of all rotational operators R ∈ L(X).
Verification of rotational approximation scheme axioms.
In fact,
We need the following lemma. (
The proof follows by simple verifications.
Theorem 2.17. For the Banach spaces ∞ (X i ) and
Proof. From Remark 2.2 and Lemma 2.16 we get 
Proof.
(1) For the bounded subset ∞ (D i ) i∈N of the Banach space ∞ (X i ) i∈N and by using Lemma 2.16, we get
The proof of (2) is similar to (1).
Corollary 2.19. Let {R i } i∈N be a sequence of bounded linear operators with R i ∈ L(E i ,X i ). For the bounded linear operators
(1) ζ n (⊕ i∈N R i ) = inf n i ≤n sup i∈N ζ n i (R i );
(1) Let for every i ∈ N, the subset M i = R i U E i be the image of the unit ball of the Banach space E i under the operator R i . Then from Definition 2.13 and by using Lemma 2.16 and Theorem 2.18, we get ζ n ⊕ i∈N R i = σ n ⊕ i∈N R i U ∞(Ei)i∈N (2. 
